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1. Introduction

Theta functions arise in the study of the Riemann zeta functions, the Weierstrass elliptic
functions and the ¢-gamma functions. There are many identities on the classical Jacobi
theta functions including Jacobi’s triple product identity, the quintuple product identity and
the septuple product identity due to Farkars and Kra [11,12]. For more properties of theta
functions, one can see [1,2,5,25].

Assume that |g| < 1. The theta function 0(z) is defined by

0(z) = [2;q)oo = (2,4/2: @)oo, (1.1)



where the g-shifted factorial (z; )~ is given by

o0

(2 @)oo = [J (1 = 2¢").
k=0
A multiple theta function is defined by
[21, 22, -+, 203 Qoo = [213 Joo[22; oo+ [2n} oo (1.2)

In this paper, we are concerned with identities on a special class of multiple theta func-

tions. Assume that aj,as,...,a, are complex variables. For a vector a« = (a1, o, ..., a;) of
integers, we adopt the common notation a® = aj"a5? - - - al". We shall restrict our attention

to multiple theta functions of the form:

0(a) = a" [ [ fi(a), (1.3)
=1

where 7 € Q", 1 <m < r and
fila) = [(=1)%a"¢*; ¢"] o, (1.4)

such that for 1 <i <m, v; = (731,72, - - -, Vi,r) is a vector of integers, §; =0 or 1, s; € Q and
t; € Q. We further assume that the exponent vectors v1,72, . .., ¥m are linearly independent
and 7 is a linear combination of v1, 79, ...,vVm over Q. For example,

t(a,b,c,d) = (ab, q/ab; q)c(a/b,bq/a; ) (cd, q/cd; ¢)oo(c/d, qd/ ¢; @) o (1.5)

is a multiple theta function in the form of (1.3). The exponent vectors in the factors of
0(a,b,c,d) are

"= (1’ 17070)7 "2 = (]—7 7]-7 07 0)7 V3 = (Oa 07 ]-a 1)’ Y4 = (Oa Oa ]-a *1)3
which are linearly independent over Q.

Many identities on the multiple theta functions arise as generalizations of theta function
identities. Winquist [26] found an identity on bivariate theta functions which plays an impor-
tant role in proving Ramanujan’s congruence for the partition function modulo 11. Carlitz
and Subbarao [7], and Hirschhorn [14] obtained further generalizations of Winquist’s identity.
Liu [17] derived an addition formula for the Jacobi theta functions by using the theory of
elliptic functions, which specializes to the Ramanujan cubic theta function identity and Win-
quist’s identity. Ewell [9] found a sixfold infinite-product identity on multiple theta functions
with three variables. Shen [21] obtained a collection of addition formulae of theta functions
by using Fay’s trisecant identity, which plays a vital role in the study of Riemann surfaces
(see, for example [13]). Bailey [3] deduced an identity on four multiple theta functions with
five variables by applying the basic hypergeometric series g¢7. Slater [22] extended this iden-
tity to seven multiple theta functions with six variables by using 19¢g series. Malekar and
Bhate [18] employed the discrete Fourier transform to derive several fourth order identities on
the Jacobi theta functions such as the extended Riemann identity. Recently, Cao [6] estab-
lished a correspondence between identities on the Jacobi theta functions and integer matrix



exact covering systems, which can be used to produce identities on products of Ramanujan’s
theta functions.

For a multiple theta function (a1, as,...,a,), a contiguous relation is meant to be a
relation of the form
e(alqm17a2q127' . '7a7‘qu) . (_l)p

- v V2 v )
0(ay,az,...,ar) ajytas’ - ar"qs

(1.6)

where p =0 or 1, z;,s € Q and v; € Z. The vector v = (v1,vg,...,v,) in the denominator
of the contiguous relation (1.6) is referred to as the exponent vector. Note that once the
exponent vector (vq,ve,...,v,) is determined, there may be different vectors (x1,x2, ..., z;)
satisfying the contiguous relation (1.6). Nevertheless, if we wish to derive a recurrence relation
on the coefficients of #(a) from the contiguous relation (1.6), we mainly need the exponent

vector (v1,vg,...,v,). For example, for 6(a, b, c) = (a,q/a; q)s(a/be, beq/a; @)oo, we have
0(‘“]7 an C) _ 0(‘“]) b7 cq) _ _1 (1 7)
9(a,b,c)  O(a,b,c)  a '
Note that 0(a,b, c) can be expanded by using Jacobi’s triple product identity
(6.5 a/%d)e = > (~1)Fql2) 2k, (1.8)
k=—00

Let
O(a,b,c) = Z h(n,m, k)a™b™c".
(n,m,k)€Z3

Applying (1.8), we see that the above sum ranges over integer vectors (n, m, k) such that
(n,m, k) =£1(1,0,0) + £o(1,—1,—1),
where (1,05 € Z. Tt can be checked that the two contiguous relations in (1.7) lead to the
same recurrence relation
h(n+1,m,k) = —¢""™h(n,m, k),

where n,m, k € Z.

Note that for a vector x = (x1,x2,...,x,), let x-~; denote the inner product of z and ~;,
that is,
T v =21%,1 2%+ TV
For a given multiple theta function 6(a) of the form (1.3), we show that 6(a) satisfies a

contiguous relation of the form (1.6) if and only if there exists a vector © = (x1,x2,...,2,) €
Q" such that xt—;“ are integers for 1 < i < m and

v = AxT, (1.9)

where T indicates the transpose of a vector, and A is an r X r matrix defined by

1,1 2,1 Ym,1

t1 o tm 7,1 M2 o Vi
71,2 72,2 Ym,2
7t1 7t2 DY tm 7271 7272 DY ")/277,‘
A= . (1.10)
Yi,r v2,r Ym,r
t1 t2 e tm TYm,1 Tm2 - TYmr



By showing that the rank of A is m, we can derive m contiguous relations with linearly
independent exponent vectors satisfied by €(a). Denote the exponent vectors of these m
contiguous relations by v1,1vs,...,vy,. Moreover, we also verify that any exponent vector of
a in the expansion of #(a) can be represented as a linear combination of vy, va, ..., vy, with
rational coefficients. Then by applying Stanley’s Lemma on the fundamental parallelepiped,
it leads to that all the coefficients of #(a) can be reduced to a finite number of initial values
by using the m recurrence relations derived from these m contiguous relations of 0(a).

In this paper, we shall present an algorithmic approach to the verification of multiple
theta function identities of the form

Oni1(a) =D cxbp(a), (1.11)
k=1

where a = (ay,as,...,a,), n > 1, each ¢ is a nonzero complex number, and for 1 < k < n-+1,
each 0y (a) is of the form (1.3) which is given by

m
(k

)
Or(a) = a™ [ [I(=1)%a™ ¢ g ]ec, (1.12)
=1

where ’yi(k) €L, 0 =0o0rl, s, €Q,ty; € QT, ’yik),'yék), cee ﬁ,f) are linearly independent,
and 75 is a linear combination of *y%lc),*yék), e 7(,12;) over Q. Furthermore, we assume that
01(a),02(a),...,0,(a) are linearly independent. In fact, this restriction occurs often in the
literature of theta function identities, and it can be verified by direct computation. For each
1 <k <n+1, let Ay be the matrix associated with ;(a) as defined by (1.10). We show
that, if

A=Ay == Ay, (1.13)

there are m contiguous relations with linearly independent exponent vectors satisfied by all of
01(a),02(a),...,0,h+1(a), which lead to m recurrence relations on the coefficients of each 0y (a).
Then by applying Stanley’s lemma on the fundamental parallelepiped, such an identity can be
reduced to a finite number of simpler relations on the coefficients of 0;(a),02(a), ..., 0h+1(a).

Let us use the following example to illustrate the steps to verify (1.11):

2(ab, ¢*/ab, aq/b,bq/a; ¢*) s
(4:9%)% '

(a> q/av _ba _Q/b ) Q)oo + (_a> _q/av bv Q/b ) Q)oo = (1'14)

This addition formula can be found in Berndt [4, p.45]. Clearly, the identity (1.14) is of the
form (1.11), that is, » = n = m = 2, and it can be written as

2

bs =00+ (4:4%)%

927

where
91 = (—CL, —Q/CL, b7 q/b ; q>007
0y = (ab, q*/ab,aq/b,bq/a; ¢*) oo,
93 = (aa Q/av _bv _Q/b ) Q)oo



It is easy to see that 601,05 are linearly independent and A; = As = As, where each A; is
given as (1.10). The identity (1.14) can be proved via the following steps.

Step 1. For a fixed 1 < k < n+ 1, let O;(a) be given as (1.12), where 'A ),'yék),...m?(ff)
are the exponent vectors in the factors of 6x(a). We first show that if 6,41(a) satisfies a

contiguous relation of the form
On+1(aq”®) (=1)

= 1.15
Ony1(a) qa” (1.15)
7(”Jrl)
then 1 are integers for 1 < i < m and
vl = A2t (1.16)
where ag® = (a1¢™, a2¢™%,...,a,¢""),p=0o0r1l, s € Q,v € Z" and x = (v1,x2,...,2,) € Q"

is a nonzero vector. By showing that the rank of the matrix 4,41 is equal to m, the relation
(1.16) will lead to m contiguous relations with linearly independent exponent vectors satisfied

by 9n+1 (a) :
Next, under the assumption that A; = Ay = --- = A, 41, it is always possible to multiply =

(k)
by a sufficient large enough integer N such that 227 ig an integer for any 1 < k <n+1 and

1 < i < m. Consequently, the relation (1.16) leads to a contiguous relation with exponent
vector Nv satisfied by all the the multiple theta functions 6;(a),02(a),...,0,+1(a). This
procedure gives m contiguous relations with linearly independent exponent vectors satisfied by
all the multiple theta functions 6 (a),02(a), ..., 0,+1(a). We shall use W = {wy,wa, ..., wn}
to denote the set of the exponent vectors of these contiguous relations.

For example, for #3 in the identity (1.14), we have

| 10
o1 )

B = {(17 0)7 (17 1)}7

the relation (1.16) gives two contiguous relations:

Choosing z from

63(a’q7 b) . _l

93(0,, b) o (117)
03((1(]7 bQ) _ 1

03((17 b) a 76Lb. (118)

While 6; and 6 also satisfy the contiguous relation (1.18), they do not satisfy the contiguous
relation (1.17). By replacing (1,0) with (2,0) in B, we derive the following contiguous relation
satisfied by all of 81, 65 and 05:
03((1(]2, b) _ 1
03(a,b)  aZq’

So we obtain two contiguous relations (1.18) and (1.19) with linearly independent exponent
vectors that are satisfied by 61,60, and 03, where W = {wy,wa} = {(1,1),(2,0)}.

(1.19)



Step 2. From the m contiguous relations associated with the vectors in W, we can produce
m recurrence relations satisfied by the coefficients of each 0 (a). Note that for 1 <k <n+1,
0;(a) can be expanded by using Jacobi’s triple product identity (1.8). More precisely, 0 (a)
as defined in (1.12) can be expanded as follows:

m

(k)
Or(a) = a™ H[(—l)ékﬂ‘a%‘ g qtk,i]oo

1 = VIR .
— "k - Z (_1)(6k,i+1)fiqtk,i(g>(a’}’ik qsm‘)@z’ (1'20)

hi- othi

which can be written as a multiple sum:

Oc(a) = > hyya”, (1.21)

nezLr
where the sum ranges over the vectors 7 such that

with ¢; € Z (1 < i < m). By the assumption that 7 is a linear combination of %k), fyék), . ,fy,(,]f)
over Q, we see that any 71 as given by (1.22) can be represented as a linear combination of
wgk),yék), e ,7,% ) with rational coefficients. For each k, we also show that 7 can be expressed
as a linear combination of wi, ws, ..., w,, with rational coefficients. Using Stanley’s Lemma
on the fundamental parallelepiped and the recurrence relations derived from these m con-
tiguous relations, we see that the coefficients in the expansion of 6i(a) can be reduced to a

finite number of initial values with exponent vectors in the set
HW:{)\lw1+)\2w2++)\mwm | 0< N <1, 1 gzgm}ﬂZT

For a given set W consisting of linearly independent integer vectors, we also provide an
algorithm to compute Iy .

For example, for the contiguous relations (1.18) and (1.19), we have
W= {<17 1), (27 0)}
and

My = {A(1,1) + X2(2,0) | 0 < A, A < 13N Z2 = {(0,0),(1,0)}. (1.23)

Step 3. Assume that IIyy = {f1,02,...,8q4}. For 1 < k < n+1, let hypg, denote the
coefficient of a® in the expansion (1.21) of 8;(a). Applying the recurrence relations obtained
form the m contiguous relations satisfied by 0 (a) and using Stanley’s Lemma, we see that
the coefficients hy, ,, of 0i(a) can be determined by the coefficients of a with exponent vectors
Bi € . Thus the identity (1.11) can be proved by verifying the relations

n

hnt1,6, = Y crhig, (1.24)
k=1

6



for all 8; € IIyy. For any exponent vector 7 of a in the expansion of 0 (a), it can be uniquely
expressed in the form (1.22), that is,

0 =7+ 0 + Loy + - )
where ¢; € Z. Then the coefficient hy,, of 0(a) equals

m (_1)(5k,i+1)fi qtk,i(ézi)“’sk,igi

(g"%i5 g ) oo

(1.25)
=1

Thus, to prove (1.11), it suffices to verify (1.24) for all the §; € .

For example, for the addition formula (1.14), we have Iy = {(0,0), (1,0)}. Let 81 = (0,0)
and B2 = (1,0). By Jacobi’s triple product identity (1.8), we have

h‘37,31 = [GObO} 03 = [aObO] (a¢ Q/a; Q)oo(_ba _Q/b; Q)oo

1 n n
070 n n n n
= la’b —1 q(2)a —1 q(2) —b
) g Y PIEREICY
1
= GO (1.26)
Similarly, we find that
hig, = 1 ha g, = 1
T o T (0%
and
1 1
" =0 " ks
Thus the relations 9
h3,ﬁi — —hLﬁi + mhzﬂi (127)
hold for 1 <4 < 2. This proves (1.14). ]
It should be noted that theta functions satisfying the contiguous relation
f(zq") 1
= 1.28
(EEETT 129

with r,n being positive integers and m being a nonnegative integer, form a vector space of
dimension n over C. This is a classical result in algebraic geometry (see, for example, [20,
p. 212, Theorem 1]). In fact, for the contiguous relation (1.28), our approach also gives

IIyy ={A-n|0< A< 1} ={0,1,2,...,n — 1}.

This implies that a theta function satisfying the contiguous relation (1.28) can be determined
by the coefficients of 2°, 2!, ..., 2" 1. Thus an identity on such theta functions can be reduced
to relations on the coefficients of 20, 2%, ..., 2" 1. This approach applies to many classical

theta function identities, such as Watson’s quintuple product identity [24] and the septuple



product identity due to Farkars and Kra [12]. Our method can be seen as the systematic
generalization of this approach for the verification of identities on theta functions in one
variable.

This paper is organized as follows. The objective of Section 2 is to show that for a multiple
theta function f(a) in the form of (1.3), there exist m contiguous relations with linearly
independent exponent vectors satisfied by 6(a). In Section 3, applying Stanley’s Lemma on
the fundamental parallelepiped, we reduce the coefficients of 6(a) to a finite number of the
initial values. Section 4 provides a procedure to obtain m contiguous relations with linearly
independent exponent vectors satisfied by all the multiple theta functions in an identity of
the form (1.11). Examples are given in Section 5, including the extended Riemann identity
and the addition formulae on the Jacobi theta functions.

2. Contiguous relations
Assume that 6(a) is a multiple theta function in the form of (1.3), namely,

0(a) =a” [ [[(-1)a"q"; ¢"] o,

=1

where 7 € Q", 1 <m < r,and for 1 <i <m, v = (Vi1,%2,---,%r) €Z", o =0 or 1,
s;i € Q, t; € Q. We further assume that ~q,7,..., %, are linearly independent and 7 is a
linear combination of 71,72, ...,¥m over Q. For the above multiple theta function 6(a), we
define the matrix A(#), or simply A if no confusion arises, as follows

1,1 72,1 Ym,1
t1 to tm T, M2 o Y
1,2 72,2 TYm,2
Tt Tty tm 72,1 V22 o V2
A= (2.1)
Y1i,r Y2,r Ym,r
t1 to tm 'Ym,l '7m,2 te /Ym,r

which is an r x r matrix of rank m.

In this section, we provide an algorithm to produce m contiguous relations with linearly
independent exponent vectors satisfied by €(a) which are of the form (1.6), namely,

0(ag”) _ (=1)°

- : 2.2

oa)  ga 22
where © = (z1,22,...,2,) € Q", a¢® = (a1¢™,a2¢™,...,a,¢°"), p = 0 or 1, s € Q and
v = (v1,v2,...,v,) € Z". Bear in mind that for the purpose of this paper, we are only

concerned with contiguous relations of #(a) that are of the form (2.2). It can be shown
that (a) satisfies a contiguous relation of the form (2.2) if and only if there exists a vector

r = (x1,%2,...,2,) € Q" such that % are integers for 1 <i < m and

v = AzT. (2.3)



Under the assumption that v1,72,...,vm are linearly independent, it is easy to see that
the rank of A is m. Using this fact along with the relation (2.3), we can derive m contiguous
relations of §(a) in the form of (2.2) with linearly independent exponent vectors. To this end,
we need the following lemma.

Lemma 2.1. Let

fla) = (a”,4"/a"; ¢")oo
be a theta function, where v is an integer and t is a positive rational number. Assume that
f(a) has a contiguous relation of the form

flag®) =

f(a), (2.4)

where w € Z, p=0 or 1 and a,u € Q. Then v|w and av is an integer multiple of t.

Proof. By means of Jacobi’s triple product identity (1.8), f(a) can be written as
1 o0
f@)= i > () am. (2:5)

(qt§ qt>oo

n=—oo

Substituting a with aq® in (2.5), we get an expansion of f(ag®). Observing that the powers
of a in the expansions of both sides of (2.4) are all multiples of v, we find that v |w. Plugging
the expansions of f(a) and f(aq®) into the contiguous relation (2.4) and equating coefficients
of a’™, we are led to

(_1)p+nqt(g)+avn _ (_1)n+7qt(n+2%)_u

w
t(Z) —i—avn:t(n; v) —u,
w w
(t—av)n—i—t(”) —u=20
v 2

for all n € Z. It follows that %’ = av. This completes the proof. |

which gives

and whence

The following theorem gives a necessary and sufficient condition on the existence of the
contiguous relations of the form (2.2) for a given multiple theta functions of the form (1.3).

Theorem 2.2. Let 6(a) be a multiple theta function in the form of (1.3) and let A be the
r X r matriz given by (2.1). Then if 0(a) satisfies a contiguous relation of the form

0(aq”) _ (=1)°

= , 2.6

0(a) qsa? (26)

with © = (x1,22,...,2,) € Q" being a nonzero vector, p = 0 or 1, s € Q and v =
(v1,v2,...,0,) EZ", then aftT% are integers for 1 <i < m and

vl = Az, (2.7)

Conversely, if there exists a nonzero vector x such that % are integers for 1 <i < m, then

(2.7) leads to an integer vector v = (vi,va,...,v,) which corresponds to a contiguous relation

of 0(a) of the form (2.6).



Proof. First, assume that 6(a) satisfies the contiguous relation (2.6), we proceed to show
that =% are integers for 1 < ¢ < m and the relation (2.7) holds. Recall that

m
0(a) = a” [ [I(-1)%a""¢*; ¢"]o
=1
where 71,79, ..., vm are linearly independent and 7 is a linear combination of v1,72,...,Vm

over Q. Substituting the expression of #(a) into (2.6), we obtain that

m
a”q"T —1)%i qigrvitsiy gli

H(CL) a’ ﬁ [(—1)51a%q51, qtz]oo
=1

—_

By Lemma 2.1, we find that ztj’ are integers for 1 < ¢ < m. Let ¢; = ztjl for 1 < i < m.
Then we have

1:[1[( 1)%a%igs; ¢4 oo

= ¢~ H
e B

1=

1)2111(5#1)& 2.8)
- q Ty lisit ()t z’Tafl"/1+€272+"'+fm’Ym. .
Comparing the above expression with (2.6), we get
v="bm +Lleye+ o+ L
rm -2 L7
= 7+ Yot Y,
31 ) lm
which can be rewritten in the form of (2.7).
Conversely, if there exists a nonzero vector = (x1,x2,...,2,) € Q" such that %% are
integers for 1 <14 < m, then it follows from (2.7) that
vl = AT
o R = Y1 Y2t M
R Y21 Y22t Yo
_ T
= x
’ytlilm % T ’Y;nT’T TYm,1 Tmz2 “°° TYmzr
gi!
m 2 T
x| 7|
Ym



T Y T Y9 xZ -
31 to tm

Under the assumption that ~v; € Z" and xt:“ are integers for 1 <4 < m, we see that v € Z".
Following the procedure as given in (2.8), we deduce that 6(a) satisfies a contiguous relation

of the form (2.6) with the exponent vector v. This completes the proof. 1

As an example, let us consider the multiple theta function as given by (1.5), namely,

e(a’ b, c, d) = (ab’ q/ab§ Q)oo(a/ba bq/a; Q)oo(Cd’ Q/Cd; Q)oo(c/dv qd/c; Q)oo'

So we have 7= (17 1?070)7 T2 = (17 _]-aOaO)a V3 = (0507 1, ]-)7 Y4 = (0703 1, _1) and t] =t =
ts = t4 = 1, which leads to that

11 0 O 1 1 0 O 2 000
1 =10 O 1 =10 0 0200
0 0 1 1 0 0 1 1 00 20
0 0 1 -1 0 0 1 -1 0 0 0 2

By the above theorem we see that for each nonzero rational vector x = (1, z2, r3,z4) such
that wT% are integers for 1 <14 < 4, there is a contiguous relation of #(a) in the form of

H(aqxl Y anQ ? aqx:’)? aqu) _ (_]‘)p (2 10)
0(a,b,c,d) Cgsavibvzevsdve’ '
where p=0or 1, s € Q, and v = (v1, v2,v3,v4) such that
vl = A2T, (2.11)

which is an integer vector.

For example, x = (1,0, 0,0) is a feasible vector subject to the above conditions. By (2.11),
we have v = (2,0,0,0), which leads to the following contiguous relation:
0(aq,b,c,d) 1

— = —. 2.12
O(a,b,c,d)  a? (2.12)

In general, the following theorem shows that it is possible to construct m contiguous
relations with linearly independent exponent vectors satisfied by a multiple theta function of
the form (1.3).

Theorem 2.3. Let 6(a) be a multiple theta function of the form (1.3) and A be the ma-
triz given by (2.1). Then there are m contiguous relations of the form (2.2) with linearly
independent exponent vectors satisfied by 6(a).

To prove the above theorem, we need the following lemma.

Lemma 2.4. Let 6(a) be a multiple theta function of the form (1.3) and let A be the matrix
given by (2.1). Then the rank of A is m.

11



Proof. Given the expression (1.3) of 6(a), define

M1 dma
t1 to tm
t1 to tm
B=| 1 | (2.13)
Yi,r v2,r .. Ym,r
t1 to tm
and
Y11 Y12t Vi
V2,0 V22t Y2
C = . . . , (2.14)
TYma1 Tm,2 0 Ymyr
so that A = BC. We follow the common notation (D) to stand for the rank of a matrix D.
Since 1 < m < r, under the assumption that vq,79, ...,y are linearly independent, we see

that 7(B) = r(C) = m. Consequently, r(A) < min{r(B),r(C)} = m. On the other hand, by
Sylvester’s inequality, we deduce that r(A) > r(B) + r(C) — m = m, and whence r(A) = m.
This completes the proof. |

Now we are ready to prove Theorem 2.3.

Proof of Theorem 2.3. By Theorem 2.2, we see that from a vector z = (z1,x2,...,2,) € Q"
such that % are integers for 1 <4 < m, one can obtain a contiguous relation of #(a) in the

7

form of (2.2) with an integer exponent vector v satisfying

vl = Azt (2.15)

Next, we show that the equation (2.15) gives m contiguous relations of 6(a) if we choose z
out of a set of r linearly independent vectors in Q". To this end, we assume that pq, uo, . .., tr
are linearly independent vectors in Q". Moreover, we may assume without loss of generality
that #£% is an integer for each k and i.

7

For each 1 < k < r, since ”’Z—Z% are integers for 1 <4 < m, by Theorem 2.2, we get
vl = Apl (2.16)
is an integer vector which leads to a contiguous relations of #(a) in the form of (2.2).

It remains to show that there are m linearly independent vectors among vy, o, ..., V.
Let C' be the r x r matrix formed by the column vectors vq,v9,...,v,., and let D be the
r X r matrix formed by the column vectors pq, u2, ..., p.. It follows from (2.16) that C' =
AD. Since pq, pg,-- ., i are linearly independent, that is, D is invertible, we deduce that
r(C) = r(A) = m. This means that one can choose m linearly independent vectors out
of vi,v9,...,vy. Hence there are m contiguous relations of 6(a) with linearly independent
exponent vectors. This completes the proof. |

For example, for the matrix A as given by (2.9), we have r(A) = 4. Take four linearly
independent vectors pu; = (1,0,0,0), p2 = (0,1,0,0), us = (0,0,1,0), and ug = (0,0,0,1).

12
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Now, - are already integers for all £ and i. As shown before, u; leads to the contiguous
relation (2.12). Applying equation (2.11) to ueo, u3, and p4, we are led to the following three
contiguous relations of 6(a, b, ¢, d):

0(a,bq,c,d) 1

O(a,b,c,d)  b%q’
0(a,b,cq,d) 1

0(a,b,c,d)  c?’
0(a7 b7 C? dQ) 1

0(a,b,c,d)  d%q

These four contiguous relations have linearly independent exponent vectors: (2,0,0,0), (0,2,0,0),
(0,0,2,0) and (0,0,0,2).

Denote by wi, wa, ..., wy, the m linearly independent vectors among v, 1o, ..., 1, as given
by Theorem 2.3, which correspond to m contiguous relations of f(a) with linearly independent
exponent vectors. The following theorem shows that any exponent vector in the expansion of
f(a) can be represented as a linear combination of wy, ws, ..., w,, with rational coefficients.

Theorem 2.5. Let 6(a) be a multiple theta function of the form (1.3) which can be expanded
as follows by applying Jacobi’s triple product identity,

0(a) = > hya”, (2.17)
nez”

where
n=1+by+Lly+ -+ LpYm

with £; € Z for 1 < i < m. Then any n in the expansion (2.17) can be represented as a linear

combination of wi,ws,...,w, with rational coefficients.
Proof. Recall that in the definition of 6(a), 7 is a linear combination of v, ¥, . .., Ym over Q.
Thus any 7 in the expansion (2.17) can be represented as a linear combination of v1,72, ..., Ym

with rational coefficients. Suppose that

n=kimn+keye+ -+ kmym, (2.18)
where k; € Q.

To show that 1 can be represented as a linear combination of wi,ws,...,w,, with ra-
tional coefficients, let us consider the following system of linear equations in the variables
T1,%2,...,%, and &:

x -y — ekity =0,
x - yo — ekaty = 0,
(2.19)
T Ym — 6k'mtm = 0,
where x = (21, 22,...,z,). We claim that there is a solution such that z € Q" and ¢ # 0.

13



Let M denote the coefficient matrix of (2.19), that is,

Y1 M2 o Y —kit
Y21 Y22 - Yoo  —hkato
M =
Tm,1 Tm2 ° VYm,r —kmtm mx (r+1)

Then (2.19) can be expressed as M (21, xa, ..., 2,,€) = 0. Since 1 <m < rand 1,72, ..., Ym
are linearly independent, we have (M) = m. Thus the solution space P of (2.19) in variables
T1,%2,...,Tr, & has dimension r +1 — m.

Consider another system of linear equations

- = 0)

T2 =,
(2.20)

- Ym = 0.
Let @ denote the vector space of solutions (z1, xa, ..., z,) of (2.20). Let @’ be the vector space
obtained from @ by substituting every vector (zi,zo,...,x,) € Q with (z1,z9,...,2,,0).
Since 1,72, . . ., ¥m are linearly independent, we see that dim Q' = dim Q = r — m. Clearly,
any solution (x1,z2,...,z,) of (2.20) gives rise to a solution (z1,x2,...,z,,0) of (2.19),

which means that Q' is a subspace of P. Since dim Q' < dim P, there exists a solution
(x1,29,...,2r,¢) € P\ @ such that ¢ # 0.

If (x1,z9,...,2.,¢) is a solution of (2.19), so is an integer multiple of (z1,z2,..., Z;, €).
Consequently, we may assume without loss of generality that ek; are integers for all ¢, and
hence

0(arg™, a2q™, ... arg™) oy [(ZD)%a 0y - a7 g?hitit s gt
9(@1, a2, ceey ar) i1 [(_1)616[{12’10,;172 .o azi’rqsi; qtl]oo

]
pai q581k‘1+( 27')t1 (a'lﬁ,lagz,Q .. a;)/z,r)aki

(—1)2iz1 (Gt D)eki

= m k;
qu:l Esiki+(EQZ)ti_a;'Taa(kl’Yl+k2"/2+"'+k5m77n)

(_1)2211(5i+1)5ki

> Esiki+(s§i)ti—x'7asn )

= (2.21)
q
By Theorem 2.3, it follows that (en)” = Axz”, where the matrix A is given by (2.1).
Following the proof of Theorem 2.3, by the assumption that pq, po, ..., u, are linearly inde-

pendent over Q", we see that

r=cCip1 + o2 + -+ Crlhy,
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where ¢; € Q for 1 <1 < r, or equivalently,
ol =cipd +cops 4+ copt
It follows that
(en)T = c1Apt + o Apd + - + e, Au?

T T T
=cv; tevy + -+ ey,

where 1/,? = A,u{ as given by (2.16). Since wi,wy, ..., w,, are the m linearly independent
vectors among vi,1s, ..., V., we deduce that en can be represented as a linear combination
of wy, we, ..., wy, with rational coefficients, so can n since £ # 0. This completes the proof. I

3. Stanley’s Lemma and the initial coefficients

In this section, we apply Stanley’s Lemma on the fundamental parallelepiped to reduce the
coefficients of a multiple theta function in the form of (1.3) to a finite number of initial values.

Recall that a multiple theta function 6(a) in the form of (1.3) can be expanded as (2.17),

0(a) = Z hypa,

newr
where
n=1t+bm+by+ -+ lyym
with ¢; € Z for 1 < ¢ < m.
By Theorem 2.3, we can find m contiguous relations with linearly independent exponent
vectors satisfied by 6(a). Denote the exponent vectors of these m contiguous relations by

wi,Wwa, ..., Wn. According to the contiguous relation with exponent vector w;, there is a
recurrence relation on the coefficients of §(a) in the form

hﬂ = (_1)6iq(pi(n)hn—w“ (3.1)

where 1 <i <m, é; =0 or 1, and p;(n) € Q which is related to 7. Substituting n by n + wj,
the above recurrence relation can be rewritten as

hy = (_1)(5iq_80i(77+’wi)hn+wi. (3.2)

Let b; be a positive integer for 1 < i < m. By iterating recurrence relation (3.1) b; times, we
obtain
h77 = (_1)bi5iin(bi)hn_biwi’ (3_3)

where (;(b;) € Q which is related to b;. On the other hand, iterating (3.2) b; times, we are
led to
hy = (‘Ubi&lvqgi(ibi)hn%iwr
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Thus (3.3) holds for all integers b;. For i from 1 to m, by iterating the recurrence rela-
tions (3.3), we obtain that the m recurrence relations associated with wy, wa, ..., w,, can be
condensed as follows:

hn = (_1)6qshﬁ—b1wl—~-—bm’wm7 (34)

where 0 =0 or 1, and s € Q. Using Theorem 2.5, we have that n can be uniquely expressed
as
1= g1wi + gawz + -+ + gmWm, (3.5)

where ¢g; € Q for 1 < i < m. Applying Stanley’s Lemma with b; = |g;| for 1 < i < m, we
see that n — bywi — - - - — b, wy, falls into a finite set of initial values. Thus the coefficients of
f(a) can be determined by a finite set of initial values.

For example, let
0(a) = (a1a2,¢*/araz, a1q/az, a2q/a1; ¢*) oo,

where a = (a1, a2). The procedure in Theorem 2.3 generates the following two contiguous
relations:

9(a1q7 (12(]) 1
__ 3.6
0(a1,az) a1az (36)
flard’ o) _ 1 37

f(a1,a2)  alq

where the exponent vectors w; = (1,1) and wy = (2, 0) are linearly independent. Let

0(a) = E hypa,

nez?

where 7 ranges over linear combinations of the vectors v; = (1,1) and v = (1,—1) with
integer coefficients. The contiguous relation (3.6) leads to the recurrence relation

hy = —q"" 2Ry, - (3.8)
Replacing 1 by n + wy, (3.8) can be rewritten as
hy = —q~ w2y L (3.9)
Let by be a positive integer. By iterating recurrence relation (3.8) by times, we obtain
hy = (=1)0r g (Fwrwn=2biy (3.10)
On the other hand, iterating (3.9) b; times, we get
hy = (—1)01g b= (Y wewt g, (3.11)
Comparing (3.10) and (3.11), we conclude that (3.10) holds for all integers b;.

Similarly, the contiguous relation (3.7) implies that

bo+1
hn _ qbgn-wzf( 22+ )wz-w2+b2hn_b2w2’ (3.12)
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where by is an integer. Replacing n by 7 — byw; in (3.12) and combining it with (3.10), we
deduce that

b
hn — (_1)b1qb1nw1—( 21)’11}1'11)1—2171 hn—blwl

= (—1)b1qn.(b1w1+b2w2)7(b21)w1'wl7(b22+1)w2'w27b1b2u”'w272b1+b2hn—b1w1—b2w27 (3.13)

where by, by are integers. By Theorem 2.5, we see that n can be represented as a linear
combination of w; and ws with rational coefficients. Let

so that g1 and 2gy are integers. Using the recurrence relation (3.13) with b = g1 and
by = |g2), we see that h, can be reduced to the coefficient with the following exponent
vector:

1N —biwy — bawe = g1(1,1) + g2(2,0) — b1(1,1) — b2(2,0)
= (292 - QLQQJ ’ 0)7 (315)
which equals (0,0) or (1,0) since 2g> is an integer.

The above reduction of the coefficients of §(a) turns out to be the same procedure as
given by Stanley’s Lemma on the fundamental parallelepiped. A fundamental parallelepiped
is defined to be the area generated by linearly independent integer vectors vy, vs, ..., vq with
coefficients belonging to [0, 1), that is,

I = {\v; +Xova+ -+ Agvg | 0 < \; < 1 for 1 <i<d}.

In the study of nonnegative integer solutions of linear homogeneous diophantine equations,
Stanley [23, Lemma4.5.7 (i)] showed that each element of a simplicial monoid F' can be
determined by an integer point in the fundamental parallelepiped II. Recall that a simplicial
monoid with quasigenerators vi,vs,...,vq is defined to be the set of integer vectors which
can be represented as linear combinations of vy, ve, ..., vy with rational coefficients, namely,

F={yeZ |vy=cvi+cva+ -+ cqugq, ¢; € Q for 1 <i <d}. (3.16)

Lemma 3.1 (Stanley’s Lemma). Let v, ve,...,vq be linearly independent integer vectors of
dimension r over Q and let F' be the simplicial monoid with quasigenerators vi,vo,...,vq.
Then every element v € F' can be expressed uniquely in the form

v =B+ bivr + bavg + - - + bavg, (3.17)
where B € IINZ" and by, ba, ..., b are integers. Conversely, any vector v in the form of

(3.17) belongs to F.

For example, any integer vector 7 in the form of (3.14) belongs to the following simplicial
monoid:

F={yeZ|v=c(1,1) +c(2,0), c1,c2 € Q}.

Thus, by Stanley’s Lemma, any vector n € F' can be written as

v = b+ bl(l, 1) + b2(2,0),
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where by,by € Z, 3 € IINZ?, and the fundamental parallelepiped II is given by
II = {)\1(1, 1) + )\2(2,0) ’ 0< A, o< 1}.

It is easy to see that II N Z% = {(0,0), (1,0)}, which is the set of the initial values as given
by (3.15).

By Stanley’s Lemma, we have the following algorithm.

Theorem 3.2. Let 6(a) be a multiple theta function in the form of (1.3). Assume that
O(a) has m contiguous relations with linearly independent exponent vectors wi, wa, ..., Wn.
Then any coefficient hy, in the expansion (2.17) of 6(a) can be determined by the recurrence
relations derived from the m contiguous relations combined with one of the initial values in
the set

Hy = {hp, by B, ), (3.18)
where d = [Tl |, B1, B2, ..., Ba € llw, and

HW:{/\lw1+/\2w2+---+)\mwm ‘ 0< N\ <1, 1§i§m}ﬂZ’”. (3.19)

Proof. Applying Jacobi’s triple product identity (1.8) to the factors of #(a) in (1.3), we get

fila) = [(-1)%a"¢"; ¢"] s

o0

Z (71)(1+5i)kiqtz‘(2)+Szk1akzwz‘ (320)
T (050w Mt
Hence
m 1 o &
di)ki ti(5)+siki  kivi
a) = aTHW Z (—1) A8k gt (%) +siki gk
i=1 ’ * ky=—o0
1+5 )k’ ( i)JrSiki
= > II ) a, (3.21)
WGZT (k17k27 o 7n)eZmZ 1
where n = (11,72, ...,n,) and the inner sum ranges over (ki, ks, ..., ky,) € Z™ such that

n=1+kiv+keyo+ -+ knym- (3.22)

Comparing (2.17) and (3.21), we obtain that

hy= ) II

(k1,k2,. m) =1

1—‘,—5 )k ( 1)+81k1

, 3.23
¢u¢0m (3:23)

where the sum ranges over (ki, ko, ..., k) € Z™ such that the relation (3.22) holds. Since
V1,72, - - - s Ym are linearly independent, we see that for a given exponent vector 7, there is a
unique vector (ki, ks, ..., kn) € Z™ that satisfies (3.22). By the assumption of 7, it follows
from (3.22) that 7 is a linear combination of v1,7e, ..., ¥m, with rational coefficients.
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By Theorem 2.5, we see that 1 can be expressed as
N = g1wi + Gawz + -+ + GimWm, (3.24)
where g; € Q. On the other hand, Stanley’s Lemma yields
n =B+ biwi + bowa + - + by wm, (3.25)

where 8 € Iy and by, bo, ..., by, are integers.

Using the above expressions of 7, we shall establish recurrence relations on the coefficients
of f(a). For 1 < i < m, assume that w; corresponds to the following contiguous relation of
0(a):

O(ag™) _ (=1)%

0(a) = T (3.26)
where o; € Q". Rewriting (3.26) as
0(a) = (~1)’q"“a""0(aq™)
and equating the coefficients on both sides, we obtain that for 1 < i < m,
hy = (—1)%iguitert—wp, (3.27)
Replacing 1 by n + w; in (3.27) gives that for 1 <i < m,
hy = (—1)%q % My 4y (3.28)
Let b; be a positive integer for 1 <1i < m. Iterating (3.27) b; times, we obtain
hy = (—1)Pdighiatbioin=(g vy (3.29)
On the other hand, iterating (3.28) b; times, we arrive at
hy = (_1)bi5¢q—biui—biai'n_(l;i)ai'wihn+biwr (3.30)

Thus (3.29) holds for all integers b;.

Employing the recurrence relations (3.29) repeatedly for i = 1 to m, we find that

hy = (— 1) bidi S (biuwi— (%) etswi i (-0t bjo”'wj))hn—b1w1—~~~—bmwm- (3.31)

Now, applying (3.31) with b1, b, ..., b, being determined by Stanley’s Lemma as given in
(3.25), we deduce that

h77 — (_1)2;11 biéiqZ?Ll (biui_(bigrl)ai'wi“l‘bi(ai'ﬂ+biai’wi+2;n:i+1 bjai'wj)) hﬂ

_ (_1)21’;1 bi5iqzﬁ1 (ai;"i b2— aiéwi bi+biui+bi(ai'ﬁ+2;n=i+l bjai'wj)) hlg, (3'32)

where 3 belongs to Ily,. Clearly, Ily is finite. Thus any coefficient 4, in the expansion of
f(a) can be reduced to a coefficient hg with € IIyy. This completes the proof. 1
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For the fundamental parallelepiped Iy of the linearly independent integer vectors in
W = {wy,ws, ..., wy}, as pointed out by Stanley [23], Iy is a finite set, since it is contained
in the intersection of the discrete set F' as defined in (3.16) with the bounded set of all the
vectors Ajwi + Agws + - - - + AWy, € R™ with 0 < \; < 1. In fact, Iy can be determined by
the following procedure.

Let w; = (wj, 1, w;, 2, ..., w;, ) for 1 <i < m. First, we find two vectors ¢ = (¢1,¢2,...,¢)
and d = (dy,ds, ...,d,) such that for any v = (v1,v9,...,v,) in Iy, we have
¢j <wvj < dj, (3.33)
where 1 < j < r. To define ¢; and d; for 1 < j < r, we assume that the entries
w15, W24, .- -, Wi can be rearranged as follows:
wyy Swyy < S SO <wigg < Sy,
/ _ / i
where 0 < s < m and set W ;= Wiypq,; = 0. Let

¢j = minfuwl j +wy; + -+ +wy; + 1,0},
dj = max{wiy j +wi o+ 4wy, — 1,0},

and let
V={(v1,v2,...,v,) €Z" | ¢j <wj <d;,1 <j<r}

Obviously, Iy € V. For any v € V, consider the following system of linear equations in
T, T2y ey Tt
T1W1 + Towg + - -+ + T Wiy = V. (3.34)

Since wy, wa, ..., wy, are linearly independent, (3.34) either has no solution or has a unique
solution. If 0 < z; < 1 for 1 <14 < m, then v € Iy ; otherwise, v & Iy .

Note that there are various ways to check whether a system of linear equations (3.34) has
a solution (z1, w9, ...,xy) with 0 < x; < 1 for each i, such as Collins’ Cylindrical Algebraic
Decomposition (CAD) algorithm [8,15] and integer linear programming [19, Sections 12.2
and 13.4].

4. Contiguous relations for multiple theta function identities

In this section, we are concerned with identities on multiple theta function identities of the
form (1.11), namely,

n
Oni1(a) = cxbi(a), (4.1)
k=1
where each ¢ is a nonzero constant, and for 1 < k < n + 1, 6(a) is given by (1.12).
Furthermore, we assume that 6;(a),02(a),...,0,(a) are linearly independent. Indeed, it is
not difficult to check the linear independence by direct computation. However, as will be
seen, for the purpose of verifying an identity, this step may be skipped.
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For 1 <k <n+1, denote by Ay the r x r matrix associated with 0 (a) as given in (2.1),

namel
¥ *) (k) (k)

D T2 Jma k k k
tea1 tk,2 th,m ’Y§,1) ’75,2) co 7£,r)
(k) (k) (k)
71,2 V2,2 Tm,2 (k) (k) . (k)
PR IRl R el R B (12)
k k k
'Yﬂcr) 'Yéfcr) . ’Ygrlf,)r '77(7%)1 '77(,17)2 ce ’Yr(n,)r
tk1  tk2 tk,m
For the identity (4.1), it is often the case that
Al =A== Apta, (4.3)

which ensures that there exist m contiguous relations with linearly independent exponent
vectors satisfied by all the multiple theta functions in the identity (4.1).

Theorem 4.1. If a multiple theta function identity of the form (4.1) satisfies that A; =
Ag = -+ = Ay,41, then there exist m contiguous relations with linearly independent exponent
vectors satisfied by all the multiple theta functions 01(a), 02(a), ..., Op+1(a).

Proof. First by Theorem 2.3, we see that there are m contiguous relations with linearly in-
dependent exponent vectors satisfied by 6,,11(a). We proceed to show that from a contiguous
relation of 6,41(a) with exponent vector v, one can construct a contiguous relation satisfied
by all of 61(a),02(a),...,0,+1(a) with exponent vector Nv for some positive integer N. This
leads to m contiguous relations with linearly independent exponent vectors satisfied by all
the multiple theta functions 61 (a),02(a),. .., 0h+1(a).

Assume that we have the following contiguous relation for 6,,11(a):

Oni1(ag”) _ (=1)°

= ) 4.4
9n+1(a) qsalj ( )
where © = (z1,x2,...,2,) € Q" is nonzero, v € Z", 6 = 0 or 1 and s € Q. By Theorem 2.2,
A D . .
this contiguous relation of 6,1(a) implies that xtj:T are integers for 1 < i < m, and
vl = Ap a2t (4.5)

We now proceed to construct a contiguous relation with the exponent vector being a
multiple of v that is satisfied by all the multiple theta functions 6;(a),02(a),...,0,+1(a). To
this end, we first determine a positive integer N such that

Nx~*y§k) N:E-vék) Nx-vgf)

, . (4.6)
tk1 k2 tkm

are integers for 1 < k < n+ 1. Clearly, 0,,11(a) satisfies the following contiguous relation:

6ag™") _ (~1)°
9(@) quaNy’

(4.7)
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where p = 0 or 1, and v € Q. Then we shall show that all the multiple theta functions
01(a),b2(a),...,0,(a) also satisfy the contiguous relation (4.7).

Consider a multiple theta function 0y (a), where 1 < k < n. We claim that 0y (a) satisfies a
contiguous relation with exponent vector Nv. We further prove that this contiguous relation
is indeed the same as (4.7). From the relation (4.5), it is direct to see that

(N = Appy (N2z)T.

Then by the assumption that A = Ay = --- = A, 11, we derive that
(Nv)T' = A, (Nz)T. (4.8)
. Nz 'y(k) . . oy
Since tkz is an integer for any 1 < ¢ < m, by Theorem 2.2, the above condition ensures

that there exists a contiguous relation of 0(a) of the following form:

Or(ag™)  (=1)P*
Op(a)  quealNV’

(4.9)

where pr = 0 or 1, and ui € Q.

Next we show that if the identity (4.1) holds, then the numbers (—1)?* and ¢"* can be

uniquely determined. As a result, the contiguous relation (4.9) satisfied by 0x(a) turns out
to be exactly the same as the contiguous (4.7) satisfied by 6,+1(a). In doing so, let d = (_q#

and dj, = © 1) . Then the contiguous relation (4.7) and (4.9) can be written as follows

6n+1 (an$) _ d
Opt1(a) alNv’

(4.10)

and for 1 < k <n,
Or(ag™™)  di
= . 4.11
Oy (a) alNv (4.11)

Substituting a with ag™® in (4.1), we get

011 (ag™ chﬁk (ag™™).

Applying (4.10) and (4.11) for 1 < k < n, we find that

d
n+1 Z Ck' Nl/ 7

which simplifies to

dOni1(a Z crdpfy(a
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Invoking the identity (4.1), we deduce that

d Z ckék(a) = Z dekek(a),
k=1 k=1

so that
n
Ck(d - dk)Gk(a) =0.

k=1
Since 0i(a),02(a),...,0,(a) are linearly independent and cj,ca,...,c, are all nonzero, we
conclude that

d=dy=dy=---=d,.
Therefore pr, = p, and up = u for 1 < k < n. This implies that all of 0;(a),02(a),... , 0,(a)
satisfy the contiguous relation (4.7), and hence the proof is complete. |

We remark that when we attempt to prove an identity in the form of (4.1), we do not

have to verify the linear independence of 61(a),02(a),...,60,(a) as the first step. Instead, we
may try to derive the contiguous relations (4.11) for 1 < k < n, and one should expect that
d=dy =dy =---=d,. If it is indeed the case, then we may skip the step of justifying the
linear independence of 0 (a), 62(a), ..., 0,(a).

5. Examples

In this section, we give examples to demonstrate how to prove multiple theta function iden-
tities by using our approach.

As the first example, let us consider Riemann’s addition formula (see Krattenthaler [16]).
Weierstrass showed that it is equivalent to an identity on sigma functions (see Whittaker and
Watson [25, p.451]). Note that the addition formulas for theta functions play an important
role in the theory of elliptic functions (see, for example, [4,21,25]).

Example 5.1. We have
0(xy)0(x/y)0(wv)0(u/v) — 0(zv)0(x/v)0(uy)0(u/y)

= ge(yv)e(y/v)ﬂ(mu)e(x/u). (5.1)

Proof. Denote the multiple theta functions in (5.1) by 61, 62 and 63, namely,
01 = (zy, q/zy, x/y, qy/z, w0, q/uv, u/v,qv/u; @)oo,
02 = (wv,q/zv,x/v, qv/x, Wy, q/uy, u/y, @Y/ v; q)oo,

03 = —(yv, q/yv,y/v,qu/y, zu, q/TU, T /U, QU/T; ¢) 0

v
)
Then (5.1) can be written as

01 = 05 + 05. (5.2)
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By the definition (4.2), for each 0,

2 000

0200
A =

0020

0 0 0 2

Choosing the vector x from
B ={(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)}

and applying Theorem 2.2 and Theorem 2.3, we find that 6; satisfies the following four
contiguous relations:

al(xQ7y7u7v) _ 1
01(x,y,u,v) o

91(%.@%“:”) _ 1
91(%%“;’0) y=q

01(z,y,uq,v) 1
91($7y>uvv) B U

gl(x’:%uvvq) _ L (5 3)
91(%%“77}) v q .

It easily checked that 02 and 63 also satisfy the above contiguous relations. Now, we have
W ={(2,0,0,0),(0,2,0,0),(0,0,2,0),(0,0,0,2)}
and
Iy = {A1(2,0,0,0) + X2(0,2,0,0) + A3(0,0,2,0)
+24(0,0,0,2) |[0< N\ <1,1<i<4}nz?
={(a1,a2,a3,a4) | a;=0o0r 1,1 <i < 4}.

Because of the symmetries in the parameters x, y, u and v, we have only to show that identity
(5.1) holds for the terms with exponent vectors in

Iy, = {(0,0,0,0),(1,0,0,0),(1,1,0,0), (1,1,1,0),(1,1,1,1)}. (5.4)

Denote the vectors in IIf;, by 81 = (0,0,0,0), 32 = (1,0,0,0), B3 = (1,1,0,0), B4 =
(1,1,1,0) and B5 = (1,1,1,1). Then to prove the identity (5.1), it is sufficient to verify the
relations

hsp, = h1,g, — hag,, (5.5)

for 1 <i < 5. Consider the case k =1 and i = 1. In this case, hy g, = [2°9°u%°] 601 (a). By
Jacobi’s triple product identity (1.8), we have

[2%°u%°]) 61 (a) = [2°y u0"] (zy, a/2y; Qoo (2. @y /25 @)oo (W, ¢/ uv; @)oo (1/V, qU/U; @)oo

24



1 [e.9] o0

= 2 ] (s S 0GB @y 3 (1)) (a/y)
< 3 (1B o)t Y (1)) (w /oy
- 1)4 S (et ()+(2) () (),
q,49)x

(n1,n2,n3,n4)€Z*
where the summation in (5.6) ranges over integer vectors (ni, ng, ns,n4) such that

n1 4+ no =0,

nl—ngzO,

n3 +mnq4 =0,
ng —ng = 0.
Solving the above equations, we get
1
hig, = ——.
2T (@ ak
Similarly, we find that
1
h2 = ) h’3, = 07
61 (¢; Q)éo B1

and hence relation (5.5) holds for i = 1. For i = 2,3,4,5, we obtain

h17ﬁ2 =0, h2752 =0, h3752 =0,

-1 -1
hl7 = 7T N4 h’2, = 07 h3, = )

5 o)k % % (g 9)k

hi,; =0, hap, =0, hsp, =0,

1 1
h17ﬁ5 = (q, q)4 ) h2,ﬁ5 = (Q' q)4 ) h3,55 =0.

9 o0 ? oo

Thus (5.5) is true for 1 < ¢ < 5. This proves (5.1).

The next example is concerned with the extended Riemann identity on theta functions

due to Malekar and Bhate [18, Theorem 3.1].
Example 5.2. We have

dqryuv|—q
+dgrun[—g2?, —qy®, —¢*u?, 0% ¢Ploo + Al q2%, —qy?, —qu?, —qv* %

1
1.4\ )
_ 4t A )es [~qT@, —qTy, —qTu, —qTv;q% ) + [qT2, g1y, —qiu, —q1v;¢%)s
(¢%:¢H)%

[N

+ [~qiz, —qiy, qiu, ¢ivi q2 e + [qi 2, g1y, g, giv; q%]oo>‘

1
2?, —*y?, —*u?, — 2% ¥l + 42 2y[— 2%, —*Y?, —qu?, — v ¢l



Proof. Denote the multiple theta functions in (5.7) by 0x(x,y,u,v) for 1 < k < 8, namely,

01 = zyw[—¢°2?, —¢*y?, —*u®, —*v*; ¥loo, 02 = zy[—a*2®, — Y7, —qu®, —qv*; ¢%)oo,

03 = w[—qz%, —qy*, —*u*, —¢*v*; ¢*] 01 = [—q2%, —qy*, —qu’, —qv*; ¢*]
1 1 1 11 1 1 1 11
95 = [—q4(L’, —q4Y, —qiu, —q1v; q2]007 96 = [q4$, qy, —q+u, —q4v; q2]007
1 11 11 1 11 11
07 = [—q*z, —q1y, q U, ¢4 v; 2|0, s = [q*w,q7y, q7u, q1v; 2 |-
Hence (5.7) takes the form:
7
98(957%%@) = chﬁk(m,y,u,v), (58)
k=1
where
2. 2\4 2. 2\4 2. 2\4
c1 = 4q (ql’ql)oo , Ca=c3 :4q% (ql’ql)oo , =4 (ql’ql)oo , cs=cg=cr=—1
(q2;q2)4, (42;q2)4 (g2:q2)%
We find that
ek(xq7y7uvv) _ L Hk(xva7u7 U) _ i
Gk(‘r?yauv 'U) 2(]7 ek(xvyvua U) y2q7
ek(x7y7UQ7U) _ L 9k<x7y7u7 ’Uq) _ i
ek(x7y7uvv) ’U,2q7 9k<m7y7u7 U) UQq’
for k =1,2,...,8. The set of exponent vectors of the above contiguous relations is

w ={(2,0,0,0),(0,2,0,0),(0,0,2,0),(0,0,0,2)}.
The fundamental parallelepiped of W equals
Iy = {A1(2,0,0,0) + A2(0,2,0,0) + A3(0,0,2,0)
+24(0,0,0,2) |0< N\ < 1,1 <i<4}nzZ?
={(a1,az2,a3,a4) | a; =0o0r 1,1 <i < 4}.

In view of the symmetry of z,y,u and v, the coefficients of 0y (x,y,u,v) are determined by
the coefficients with exponent vectors in

w = {(0,0,0,0),(1,0,0,0),(1,1,0,0), (1,0,1,0),(1,1,1,0), (1,1,1,1)}.

Thus (5.8) can be reduced to equalities on the coefficients with exponent vectors in II{;,. In
fact, for each vector in IIj;,, the required equality immediately follows from Jacobi’s triple
product identity. For instance, consider the coefficients with exponent vector (0,0,0,0). By
Jacobi’s triple product identity, we see that

1
[209%u0?) Os (2, y, u,v) = ——5—
(q2;q2)%
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and

[2%9%0%0] chﬁk (z,y,u,v) = [2%9 "] Zc;ﬁk (z,y,u,v)

B 4 1 1 1
-, 1 1 11 11 11
(¢2;02)%  (¢2;92)4%  (¢2;92)5%  (92;92)%
1

Similarly, we have

[ty ulo®) Os(2, y, u,0) = [ty Oule)] chek (.9, u,0) =

This completes the proof. |

We now look at an addition formula on Jacobi theta functions due to Whittaker and
Watson [25, Chapter XXI]. Recall that the four classical Jacobi theta functions are defined
by

’ﬁl(Z) _ Z (_1)n—%q(n+%)2€(2n+1)iz’
hoz)= 3 grtieeninis
— Z q eanz
n=—00
B = Y (-1t

Example 5.3. We have

V1 (w)V1(2)01(y)V1(2) + D2 (w)d2(z)V2(y)I2(2)
= D1 (w91 (2")01(y)91(2) 4 F2(w')I2(2") P2 (y)Da(2"), (5.9)

where

20 = —w+x+y+ 2, 2 =w—x+y+ 2,
2 =w+z—y+ 2z, 22 =w+zr+y-—=z (5.10)

Proof. By substituting e, e, e¥, ¢* with w, x,y, z, respectively, and then replacing ¢ by
q, the identity (5.9) becomes

[w?q, 2%¢,y°q, 2°q; gl + [—w?q, —2%q, ¢, —2°¢; @ (5.11)
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= [qryz/w, quyz/z, quzz /Yy, qUryY/2; ¢lec + [—qryz/Ww, —qUYyz/T, —qUT2 /Y, —qUTY/Z; ¢]00
Let

01(w,z,y,2) = [w’e,2°q, ¥%¢, 2°¢; ¢l oo,

O2(w, z,y, 2) = [~w?q, —2q, —y°q, —2°¢; d)oc

( )
( )
O3(w, z,y, 2) = [qryz/w, quyz/z, qur2 /Yy, QUTY/2; qlo0,
Os(w, x,y, 2) = [—qryz/w, —quyz/x, —qurz/y, —quzy/2; qloo

Then (5.11) can be written as
(94(’(1], LY, Z) = 01(w7 Y, Z) + 02(’[1), z, Y, Z) - 93(wa LY, Z)' (512)

Invoking Theorem 2.2 and Theorem 2.3, we obtain that for 1 < k < 4,

Op(wqz,zq%,y,2) 1
O (w, 2, y, 2) w?a?q?’
Hk(wq%wrayq%az) o 1
ek('LU,fL',y,Z) w2y2q2’
ek(wq%w/payuzq%) _ 1
Qk(w,x,y,Z) B w222q27
1 1
Gk(w7$q2ayq2az) _ 1
Or(w, z,y,2) 2y

The set of exponent vectors of the above contiguous relations is
w ={(2,2,0,0),(2,0,2,0),(2,0,0,2),(0,2,2,0)}.
The fundamental parallelepiped of W is given by
Iy = {A1(2,2,0,0) + A2(2,0,2,0) + A3(2,0,0,2) + \4(0,2,2,0)
[0< N\ <1,4=1,2,3,4}nz*
= {(O 0,0,0),(1,1,0,0),(1,0,1,0),(1,0,0,1),(0,1,1,0),(2,1,1,0),
(2,1,0,1),(1,2,1,0),(2,0,1,1),(1,1,2,0),(1,1,1,1),(3,1,1,1),
(2 27171)7(2 2 2 0)? 27172 ]‘)?(3 2 2 1)7 17 ]‘?]‘70)7(2?2 ]‘10)7
( 717270)7( 717171)7 27270)7( 27270)7 27171)7( 737270)7
(3,1,2,1),(2,2,3,0),(2,2,2,1),(4,2,2,1),(3,3,2,1), (3, 3, 3,0),
(3,2,3,1),(4,3,3,1) }.

(2, (
( (
(1, (3
(2, (3,

Since any nonzero term of identity (5.11) has even powers in w,z,y and z, (5.12) can be
further reduced to
w =1{(0,0,0,0),(2,2,2,0)}.
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By Jacobi’s triple product identity, we obtain that

[w02%y°2°] 01 = 1/(q; @) [w?a?y?2%) 01 = —¢*/ (4 0%
[w’2%°2%] 0y = 1/(g; @)%, [w?z*y?2°1 02 = ¢* /(4 0) .
[w’2"y%2°1 05 = 1/(g; q)2%, [w?z?y?2°]) 03 = 0,
[w’2%°2%) 02 = 1/(g; ), [w?z?y?2°]04 = 0.

This completes the proof. |

Let us turn to another addition formula on Jacobi theta functions (see Whittaker and
Watson [25, p. 468]).

Example 5.4. We have
20 ()03 (2)03(y) 93 (=) = — V1 ()01 ()01 ()01 () + Vo) D ()9 (3 )9 (')
93 (w03 (2 )03y )03 (') + Va(w')0a(a)0a(y)0a(), (5.13)
where w', ')y, 2 are given by (5.10).

Proof. Substituting e, e'® e, e¥* with w,x,y, z, respectively, we may rewrite (5.13) as

follows:
2[—qu®, —q*, —qy*, —42% ¢*]0o
= —quzyz[g®ryz/w, Cwyz/z, Cwrz [y, Cwry/z; ¢l
+ quayz[—g*ryz /v, —wyz /v, —Cwrz )y, —wry/z ¢l
+ [—qzyz/w, —quyz/z, —quzz/y, —quzy/2; ¢*o0
+ [qryz/w, quyz/z, quxz [y, quzy/ 2; qQ]OO. (5.14)
Let
01 (w,z,y, 2) = wryz[g*zyz/w, wyz/z, Cwrz/y, Cwry ) z; ¢ oo,

wryz[-ryz/w, —Pwyz/z, —Pwrz )y, —Pwry/ 2 ¢,

kS
K
=
w

lqryz/w, quyz /T, quaz/y, quay/2z; %o,

z) =
( ) =
O3(w, 2y, 2) = [~qryz/w, —quyz/z, —quaz/y, —qury/z; ¢’]s,
Os(w,z,y,2) =
( z) =

Os(w, z,y, 2) = [—quw?, —qz?, —qy?, —q2% ¢*]

then (5.14) becomes

1
05(11),1',3/,2) = 5( - q@l(w,x,y,Z) + QHQ(U),.I,y, Z) + 03(’[1),1',3/,2) + 04(w,ac,y, Z)) (515)

Applying the procedures given in the proofs of Theorem 2.2 and Theorem 2.3, it can be
checked that for 1 < k <5,

ak(w(J7xQ7yaz) _ 1
Gk(w,x,y,Z) w2x2q2’
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Op(wq, z,yq,z) 1

Op(w,z,y,2)  wy?q*’
ek(wQ7x7yazQ) _ 1

ak(w7w7y72) 'U}222q2’
gk(wvxva7 ZQ) _ 1

Hk(waxvyvz) B y2z2q2'
The set of exponent vectors of the above contiguous relations is
W ={(2,2,0,0),(2,0,2,0),(2,0,0,2),(0,0,2,2)}
and the fundamental parallelepiped of W equals
Oy = {A1(2,2,0,0) + A2(2,0,2,0) 4+ A3(2,0,0,2) + 24(0,0,2,2) | 0< \; < 1,1 <i < 4}nz?
= {(0,0,0,0),(1,1,0 0),(1,0,1,0),(1,0,0,1),(0,0,1,1),(2,1,1,0),(2,1,0,1),
(17 17 17 1)’ (27 O 17 1)’ (]" 07 27 1)7 (]" 07 17 2)7 (37 17 17 1)7 (27 17 ]" 2)7 (2’ 17 27 ]‘)’
(2707272)7(3717272)7(1707171)7(2717171)7(2707271)7(2707172)7(1707272)7
(3,1,2,1),(3,1,1,2),(2,1,2,2),(3,0,2,2),(2,0,3,2),(2,0,2,3),(4,1,2,2),
(3,1,2,3),(3,1,3,2),(3,0,3,3), (4,1, 3, 3)}

Noting that (5.14) contains terms only with even powers in w,z,y, 2z, (5.15) can be further
reduced to equalities on the coefficients with exponent vectors in

= {(0,0,0,0),(2,0,2,2)}.

These two relations are just consequences of Jacobi’s triple product identity, and so the proof
is complete. |

To conclude this paper, we give an example showing that our approach does not restrict
to identities on multiple theta functions in the form of (1.3). Let us consider the following
identity:

D1(y + 2)01(y — 2)95 = 3(y)93(2) — 93(y)95 (=), (5.16)
where 94 = 94(0) (see Whittaker and Watson [25]).
Proof. Substituting e” and e'* with Vy and \/z, respectively, (5.16) can be rewritten as
(4 0)seyla®yz a°y /7 ¢*loo = =2y, =2 1% + y[~4*y, —47 ¢ (5.17)
Let
01(y, 2) = z[~ay. —*2 ¢’
02(y, 2) = yl—a*y, —az ¢’

03(y, 2) = yla*y2, ¢°y/ % ¢*] oo
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Then (5.17) can be written as

93(3/7 Z) = (—91(?/, Z)+92(y7 Z))

(g5 44
Even though our approach do not apply to the multiple theta functions 6, and 62, it is still

possible to find two contiguous relations with linearly independent exponent vectors satisfied
by 61, 05, and A3. It can be easily checked that for 1 < k < 3,

O(yq®,z) 1

Ox(y,z)  y2¢*’
Gk(y,qu) 1
_ _ 5.18
by e) 2 (5.18)

Therefore, Stanley’s Lemma can be used to reduce the coefficients of 0y to a finite number of
initial coefficients based on the contiguous relations in (5.18). The set of exponent vectors of
the two contiguous relations is

W = {(2>O)a (03 2)}

and the fundamental parallelepiped of W is given by
My = {A1(2,0) + X2(0,2) | 0 < A, Ao < 1} NZ2
~ {(0,0),(1,0), (0, 1), (1, 1)}
Because of the symmetry of y and z, Il can be further reduced to

/I/V = {(Oa 0)? (1’0)’ (17 1)}

By Jacobi’s triple product identity, we obtain that

02000, — 2(—¢% qH% (¢% ¢M2, 02016, 2(—¢% a2 (¢* dM)2
yee (g2 ¢4 ’ yele= (¢2; ¢4 ’
4 4. . 4\4 4. 4\2
[yOZO]Hg — 07 [yle]Hl — q( q(aq%)qo;)(f 5 q )oo’
2. .2\2 4. 4\2

1.0 (=% 0%)5.(0% 0" ) 1.0

2006, = , 5 =
=16, (a% q?)2 ly'=710s (¢% ®)%
BRI 2q(—q% ¢®)% (¢4 ¢)2 BRI 2q(—% ¢»)% (¢4 a2
yeme (25 4%)% ’ e (4% ¢?)4, ’
[ylzl]eg =0

The equality of the coefficients of y!2" simplifies to Ewell’s identity [10, Eq. (2.3)]
(—%d") 5 — 4a(—a"¢")% = (¢% 63 (4 6

Thus the proof of (5.16) is complete. ]
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